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ON THE RELATION BETWEEN UPPER CENTRAL QUOTIENTS
AND LOWER CENTRAL SERIES OF A GROUP

GRAHAM ELLIS

ABSTRACT. Let H be a group with a normal subgroup N contained in the
upper central subgroup Z.H. In this article we study the influence of the
quotient group G = H/N on the lower central subgroup 7v.+1H. In particular,
for any finite group G we give bounds on the order and exponent of .41 H.
For G equal to a dihedral group, or quaternion group, or extra-special group
we list all possible groups that can arise as yc+1H. Our proofs involve: (i)
the Baer invariants of G, (ii) the Schur multiplier M(L, G) of G relative to a
normal subgroup L, and (iii) the nonabelian tensor product of groups. Some
results on the nonabelian tensor product may be of independent interest.

1. INTRODUCTION

A group H gives rise to an upper central series 1 = ZpH < Z1H < --- and a lower
central series H = 1 H > o H > ---. In this article we consider a normal subgroup
N < H contained in Z.H, and study the influence of the quotient G = H/N on
the lower central group ve+1H. An old result of R. Baer [I][I8] states that ve41H
is finite whenever the quotient G is finite. We develop Baer’s techniques to obtain
the following three results.

A. For any finite G we give an upper bound on the order of v.41H. (A previous
paper [9] gives a bound on |vy.4+1H| when G is finite nilpotent; the present result
incorporates a small improvement in this case. Several authors have given bounds
when ¢ = 1. In particular, there are papers by J.A.Green [I7], J. Wiegold [29],
[30], W.Gaschiitz et al. [15], and M.R. Jones [19], [20], [2I]. The case ¢ = 1 is
also studied in [I1] where the results are slightly sharper than those obtained by
specialising our general bound to ¢ =1.)

B. For any finite G we give an upper bound on the exponent of v.41 H. (Forc =1
this provides a generalisation of a result of A.Lubotzky and A.Mann [23] on the
exponent of the Schur multiplier M(G) of a powerful p-group G; it also sharpens a
bound of M.R. Jones [2I] on the exponent of the Schur multiplier of a prime-power
group. Furthermore, for ¢ > 1 our bound yields a generalisation and sharpening
of an estimate, given in [7], on the exponent of the c-nilpotent Baer invariant
M (C)(G). This improvement for ¢ > 1 has the following practical implication.
An electronically down-loadable appendix to the paper [12] contains a MAGMA
computer program for calculating a number of homotopy-theoretic constructions.
In particular, it contains a function for computing M (¢) (@) which requires, as input
data, a finite presentation of a finite group G together with any positive integer ¢
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divisible by e¢ where e denotes the exponent of M (“’)(G). The improved estimate
for e helps in choosing a suitable value for q.)

C. For G equal to a dihedral group, or quaternion group, or extra-special group
we list all possible groups that can arise as 7.1 H. (This extends the work of
N.D. Gupta and M.R.R. Moghaddam [16] which handles the dihedral 2-groups. It
also extends the work of D. MacHale and P.O’Murchi [26], and J. Burns et al. [§]
which treats all groups G of order at most 30 for ¢ = 1, and all groups G of order
at most 16 for ¢ = 2.)

A precise statement of results A-C is provided in Section 2. Their proofs are
given in Sections 4-6 respectively. The proofs involve three techniques with which
the reader may not be too familiar. The first is the use of a nonabelian tensor
product of groups. The second is the use of a Schur multiplier M(N, G) of a group
G relative to a normal subgroup N. The third is the use of Baer invariants of a
group. Relevant details of these techniques are recalled, and developed, in Section
3. Some results in Section 3 (in particular Propositions 5, 8 and 9) may be of
independent interest.

2. STATEMENT OF RESULTS

Let a group G be presented as the quotient of a free group F' by a normal
subgroup R. We state our results in terms of the Baer invariants

M(@) = RN Yer1 I 7 e>1,
’Ychl(Rv F)
and related invariants
* 70+1F
£n(G) =
Py Jrl( ) ’Yc_}-l(R,F)

of the group G, where v1(R,F) = R, Ve41(R, F) = [Ve(R, F), F| and o1 F =
Yet+1(F, F). It was shown by R.Baer [I] (see also [T4] [25]) that these invariants
are, up to group isomorphism, independent of the choice of free presentation of
G. Note that there are canonical actions of G on M(®(G) and 7}, (G) given by
conjugation in F'/v.41(R, F).

If G is of the form G = H/N with N a normal subgroup of H contained in Z.H,
then it is routine [6] to establish the existence of the canonical short exact sequence

Ar——=741(G) —» Yer1 H

where A is a submodule of the ZG-module M(®)(G). We thus have inequalities (in
which < can be taken to mean ‘divides’)

(1) es1H] < i (G) = IM(G)|Iyen Gl

(2) exp(Yer1H) < exp(vip1(G))

involving the orders and exponents of groups. Since M(9)(G) is a subgroup of
vi41(G), we also have an inequality

(3) exp(M'9(@)) < exp(7541(G)) -

Furthermore, a group K arises as .41 H for some H if and only if
Ye41(G)

4 K~ —/— -

@ -

with A a submodule of M(°)(Q).
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Observations (1), (2) and (4) allow us to state results A-C in terms of the in-
variant 7}, ;(G). For the statement of result A we let x.(d) denote the number of
elements in a basis of the free abelian group V. F/7.+1F with F the free group on d
generators. (There is a well-known formula for x.(d) due to E. Witt [27]. Let p(m)
be the Mobius function, defined for all positive integers by p(1) = 1, pu(p) = —1
if p is a prime, p(p®) = 0 for k > 1, and p(ab) = p(a)u(b) if a and b are coprime
integers. Witt’s formula is

Xc(d) = (1/6) Zu(m)d(c/m)

m|c

where m runs through all divisors of ¢. Thus, for instance, x2(d) = (d* — d)/2,
xa(d) = (d* = d)/3, xa(d) = (d* — d*)/4.)

For an arbitrary finite abelian p-group A we define the integer

k
Ac(A) = erxer1(di) + Y ei{Xer1(da+ -+ +dj) = Xer1(da + -+ dj1)}

=2
where the parameters dj, €5, k are determined by expressing A uniquely in the form
A= (Cpel)dl X (Cpe2 )d2 X X (Cpek )dk
with e1 >eg > --- > ¢, > 1.
For an arbitrary finite d-generator p-group P we define the integer
Uo(P) = mey1d + med?® + - - + mod®

where the terms of the lower central series of P have orders |y;(P)| = p™.

Note that an arbitrary finite group G has a smallest term L in its lower central
series, namely the unique group L = ,-G that satisfies v, G = 7,4+1G. Suppose that
P is a d-generator p-Sylow subgroup of G with Frattini subgroup ®(P) = [P, P]P?,
that P/(P N [G,G]) is a §-generator group, that (L N P)/(L N ®(P)) has order p,
that L N P has order p?, and that [L N P, P] has order p? . We use these various
parameters to define the integer

O(G,L,P)=F+(w—-8)Y1+6+6*+---+01),
where
w=dB — (1/2)t(t +1) .

Theorem A. Let G be a finite group whose order has prime factors p1,p2, -+ , Pn-
Let L be the smallest term in the lower central series of G. The quotient G/L is
nilpotent and thus a direct product

G/L>S51 x8 x--+ xS,

with S; a (possibly trivial) p;-group. For each i let P; be some p;-Sylow subgroup of
G. Then

Ac(SPP)+T.(8:)+0c(G,L,P;)

|’7:+1(G)| < D; .

—-

i=1

The bound is attained, for instance, when G is abelian.
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Note that if G is perfect, then A.(S%) = 0, ¥.(S;) = 0 and O.(G,L,P;) =
d;(26; —d; — 1)/2 + «; where plﬁ is the order of a d;-generator p;-Sylow subgroup
P;, and p{" is the order of the abelianisation P°. If, at the other extreme, G is
nilpotent, then we have ©.(G, L, P;) = 0. If G is abelian, then ©.(G,L,P;) = 0
and ¥.(S;) =0.

The bound in Theorem A can be sharpened by involving the relative Schur
multiplier M(L,G) whose definition is recalled in Section 3. More precisely, in
the definition of O.(G, L, P) we can redefine w = pu + 3’ where the pth primary
component of the abelian group M(L, G) has order |[M(L, G),| = p*. For example,
if |L| is coprime to |G|/ exp(L), then the relative multiplier is trivial (see Proposition
7(ii)) and we can take ©.(G, L, P;) = ; for ¢ > 1.

Before stating result B let us recall that A.Lubotzky and A. Mann [23] defined
a p-group P to be powerful if: p > 3 and [P,P] C PP; or p = 2 and [P, P] C P*
(where P? is the subgroup of P generated by all ith powers). In other words, P
is powerful if p > 3 and P/P? is abelian, or if p = 2 and P/P* is abelian. They
proved a number of results about powerful groups P, one of which states that the
exponent exp(M () (P)) of the Schur multiplier divides the exponent of P. We
shall generalise this. Our generalisation implies, for instance, that exp(M()(P))
divides exp(P) for all ¢ > 1 and all P in a certain class C), of p-groups; the class

Cp consists of those p-groups P satisfying [[sz_1 ,P],P] C PP for 1 <i < e where
exp(P) = p°. It is shown in [23] that if P is powerful, then [P”P1 , P] C PP". Hence
the class C, contains all powerful p-groups.

Given a normal subgroup N < G of some group G, we say that the pair (N,G)
has nilpotency class k if yi41(N,G) =1 and v, (N, G) # 1. For a real number r we
let [r] denote the smallest integer n such that n > r.

Let N be a normal subgroup of a finite p-group P and suppose that N has

exponent p¢. We define the integer
QN, P) = [k1/2] + [k2/2] + - - + [ke /2]
where k; denotes the nilpotency class of the pair (ij_1 /ij , P/ij) for 1

<J
For N equal to the trivial group we set (1, P) = 0. Note that Q(N, P) < [k
where k is the nilpotency class of P.

<e.
/2)e

Theorem B. (i) Let G be a finite group whose order has prime factors p1,pa, - ,
Pn. Let L be the smallest term in the lower central series of G. The quotient G/L
is thus a direct product

G/L =851 XS5y % --+x8,

with S; a (possibly trivial) p;-group. For each i let P; be a p;-Sylow subgroup of
G. Suppose that LN P;/[L N P;, P;] has exponent p'*. Suppose that the p;-primary
component of G has exponent p® with e; > 0, and set m; = min(Q(LNP;, P;), e;).
Then, for each ¢ > 1,

eXp(’Y:Jrl(G)) divides Hp?(LﬁPL',PL')JrQ(Si,Si)JrniJr(C*l)mi )
i=1
The bound is attained if G is abelian. v _
(i1) Suppose that a p-group P satisfies [[P”Hl,P],P] C PP foralll <i<e
where p° is the exponent of P. Then Q(P, P) = e.
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Note that, by inequality (3), exp(M(9)(G)) divides exp(7},(G)) for any group
G. Thus, for an arbitrary finite p-group P of class k and exponent p¢, Theorem B(i)
implies that exp(M (¢ (P)) divides pl*/2¢; this sharpens the bound exp(M () (P)) <
pk=1e of Corollary 2.6 in [21] (for ¢ = 1) and Theorem 6 in [7] (for ¢ > 1). Theorem
B(ii) implies that exp(v},;(P)) divides exp(P) if, for example, P is a p-group with
P/ PP of nilpotency class 2 and PP contained in the second centre Zs(P).

The bound in Theorem B(i) can be sharpened by redefining m; to be m; =
min(e;, e;) where pi* and p* are the exponents of the p;-primary components of
M(L,G) and G respectively (cf. Proposition 7 in Section 3). The bound is clearly
independent of ¢ if G is finite nilpotent, or if G is perfect. We do not know whether
the bound can be made independent of ¢ for arbitrary finite groups.

For the statement of result C we let D,, = (a,b | a®> = b = (ab)? = 1) denote
the dihedral group of order 2m, and @, = (a,b | a® = b® = (ab)?) denote the
quaternion group of order 4n. Recall [3] that a p-group FE is said to be extra-special
if its commutator subgroup [E, E], its Frattini subgroup ®(E), and its centre Z;(E)
coincide and have order p. The extra-special groups have order p?**! for k > 1, with
precisely two extra-special p-groups for each k (see [3]). We let E(p, k) denote an
arbitrary extra-special p-group of order p?**1; we let E(p, k)™ and E(p, k)~ denote
the extra-special p-groups of order p?**1 and exponents p and p? respectively. For
¢ > 1 we have the following.

Theorem C. (i) For each n > 2 we have

Cn odd n,
Yey1(Dn) =
i Cy x (Co)Xet1 =1 eyen n.

The generator b € D,, acts trivially on v}, 1(Dy); the generator a € Dy, acts trivially
on elements of order two, and inverts the elements of the cyclic summand C,,.
(ii) For each n > 2 we have

'Yc*+1(Qn) = 'Y:Jrl(Dn) .

The generators a,b € Qy, act as in (i).
(i1i) For each k > 2 we have

Ver1(E(p, k)) = (C)Xetr(2k)

The group E(p, k) acts trivially on v}, ,(E(p,k)).
(i11)) For p > 3 and some 1 < r < 2° we have

’Y;rl(E(p, 1)"") o~ (Cp)Xc+1(2)+r,

Vi (BE(p,1)7) = (Cp)Xett @),

Note that the corresponding Baer invariants M (¢)(G) are easily obtained apply-
ing the formula M(9(G) = ker(v,1(G) — 7c+1(G)) to the precise details of the
isomorphisms given in the proof of Theorem C. This extends the computations on
dihedral 2-groups given in [16]. (We remark that there is a slip in the statement of
the main theorem in [I6]; the statement is correct for v}, ;(D2n) but incorrect for
M) (Dyn).)

The precise value of 7 in Theorem C(iii)’ needs further investigation. The com-
puter program listed in [12] yields the following results for the Burnside group
B(2,3) = F(3,1)" of exponent 3 on two generators.
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¢ n(BR3) 7

1 (C5)3 2
2 (C3)° 3
3 (C3)° 6
4 (C3)1® 9
5 (C3)*7 18

3. PRELIMINARIES

The tensor product of nonabelian groups is a convenient setting for performing
commutator calculations. Its functorial properties make it especially suited to the
task of relating commutator calculations in a group to those in a homomorphic
image of the group. We begin this section by recalling and developing relevant
details on this tensor product. We then recall details on a Schur multiplier M(N, G)
defined for pairs of groups. By a pair of groups (N, G) we simply mean a group G
with normal subgroup N. The advantage of working with pairs is that any finite
group G can be expressed as an extension

(L,G) —— (G,G) —» (G/L,G/L)

of a ‘perfect’ pair (L, G) by a ‘nilpotent’ pair (G/L,G/L). Various simplifications
apply when dealing with the Schur multiplier of perfect or nilpotent pairs. We end
the section with some details on Baer invariants.

Suppose given two groups G and H which act on each other via group actions
Gx H — H,(g,h) — 9% and H x G — G, (h,g) — "g. Furthermore, suppose
that each group acts on itself by conjugation, *y = zyz~'. (In keeping with
this notation, our convention for commutators is [x,y] = zyr~ly~!.) The tensor
product G® H is defined [5], [4] to be the group generated by symbols g ® h subject
to the relations

99' ®h= (%" ®@7h) (g®h),

gohh' =(g@h)("ge"h'),
for g,¢' € G,h,h' € H. The actions are said to be compatible if
g)), O =" )

-1

(gh)g/ — g(h(g
for all g, ¢’ € G,h, ) € H.

Proposition 1 ([5]). Suppose that G and H act compatibly on each other.
(i) For all g,g' € G,h,h' € H the following identities hold in G ® H :

J@ERR T = (gah) (goh) ",
grgHen =geh)(geh)™,

g(hg—l) ® (glh/) h/—l — [g®h,g'®h'].

(ii) There is a homomorphism Og: G @ H — G,g®@ h s gg~1.
(iii) There is a ‘diagonal’ action of G on G® H given by 9 (9@ h) = (Y g®9 h).
(iv) There is an isomorphism G @ H SH®G, g9h—h®g.
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(v) If 9h = h,hg = g for all g € G,h € H, then G ® H = G @ H®, where
the right-hand side of the isomorphism denotes the usual tensor product of abelian
groups.

For each pair of groups (IV, G) we can form the tensor product N ® G in which
all actions are taken to be conjugation in G. Since conjugation yields compatible
actions, there is a diagonal action of G on N ® G. The tensor product N ® G
acts on G by conjugation in G via the homomorphism Oy: N ® G — N. We can
thus construct the triple tensor product (N ® G) ® G. One readily checks that
the construction preserves ‘compatibility of actions’, and that it can therefore be
iterated to form the (¢ + 1)-fold tensor product

c+1
QRQN.G) =(--(Ne@e&)®---0G), c>1,

involving ¢ copies of G and one copy of N.

Proposition 2 ([13]). Let G be a d-generator p-group with normal subgroup N.
Suppose that |y;(N,G)| = p™ fori>1, m; > 0. Then, for any ¢ > 1, we have

c+1
|QN, G| < prettmendetmd
) — .

Lemma 3. Let G3 — Gy — G, H3 — Hy — Hy be two short exact sequences of
groups. Suppose that G; and H; act compatibly on one another for 1 < i < 3,
and that the homomorphisms preserve actions. Then there is an exact sequence of
homomorphisms

(G3®@ Hy)x(Ga ® Hz) — G2 @ Hy — Gy @ Hy — 1
in which X denotes a semi-direct product whose details need not be specified.

Proof. The lemma is a routine adaption of Proposition 9 in [4]. O

Lemma 4. Let N be a normal subgroup of G for which the commutator [n, [n, g
is trivial for all g € G,n € N. In the tensor product N ® G, with G and H acting
by conjugation, the following identity holds for all g € G,n € N and all integers
t>2:

n'@g=mn®g) (nen, g1,

Proof. The case N = G is proved in [2]. The proof of the more general case is
analogous; it can also be derived directly using Proposition 1(i). O

Recall that a pair (N,G) is said to be nilpotent of class k if y,4+1(N,G) =1
and v; (N, G) # 1. Also recall that [k/2] denotes the smallest integer n such that
n>k/2.

Proposition 5. Let G be a group with normal subgroup N. Suppose that N has
prime-power exponent p¢ and that the pair (N, G) has nilpotency class < k. Then,
for any ¢ > 1, we have

c+1
eXp(®(N7 G)) divides p[k/Q]e.
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Proof. For t = p° the binomial coefficient (;) is divisible by ¢ when p > 3, and
divisible by ¢/2 when p = 2. Thus Lemma 4 proves the proposition for k =2,c¢=1
(since for p = 2, t = p° and v3(N, G) = 1 the identity

n®[n,g)"? =n® 2 g

holds for all g € G,n € N; but [n*/2, g] = 1 because n'/? has order at most 2.)
Let us now consider k£ = 2 and some ¢ > 2. Then
c+1 c

RN, G) = QN © G.G)
and N ® G acts trivially on G. The triviality of this action implies the identity
(- (@9 ®g)@ ®g)=((n@g) @)@ - ®g)

in @ (N, @). Hence exp(®°T (N, G)) divides exp(N ® G) and the proposition
is proved for k = 2,¢ > 1.

Suppose now that the proposition has been proved for some ¢ and all k < ky.
Suppose Yk, +1(N,G) = 1. Lemma 3 implies an exact sequence

N © G
Pka*l(NvG) 7’9071(]\7; G) .
Working in N ® G, the image of v4,—1(N,G) ® G contains the image of N ®
Yko—1(N, G) by virtue of the identity

m® [n,g] = ([n,g] @m)~!

which follows from Proposition 1(i) for all g € G, m,n € N. We thus have an exact
sequence

(Yho-1(N, @) ® G)X(N @ vk, -1(N,G)) = N © G —

N ® G
'Yko—l(N7 G) ’Yko—l(Na G) .
By applying Lemma 3 to this sequence, and invoking a similar identity, we obtain
the exact sequence

Vho-1(N,GYRG) @G —- (N®G)® G
( N ® G )& G
Yeo—1(N,G) ~ Yo—1(N, G) Vio—1 (NN, G) .

Repetition of the process yields an exact sequence

Veo-1(N,G) @G - N®G —

c+1 c+1 c+1 N G

®(7k0*1(N7 G),G) — ®(N’ ¢ — ®(’7k0—1(Na G)7 'Yko—l(Nv G))

from which we deduce that exp(®c+1(N, G)) < pltko=2)/2pe — plko/2] By induc-
tion, the proposition is proved for all ¢, k > 1. [l

Following J.-L.Loday [22] we say that a pair of groups (N, G) is perfect if N =
[N, G].
Proposition 6. Let (N,G) be any perfect pair of groups and set
M =ker(Oy: N®G — N).
Then M is abelian and, for each ¢ > 1, there is an exact sequence
c+1 c+2 c+1

R, G — RN, G) = R)N.G) — 1
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where ®C+1(M, G%) is the usual iterated tensor product of abelian groups.

Proof. Let Hs — Hy;—»H; be a short exact sequence of groups, and let G be
a group such that G and H; act compatibly on each other for 1 < i < 3 with
the homomorphisms preserving the actions. Then Hj acts trivially on G via Ha.
Suppose that the action of G on Hs restricts to a trivial action of G on H3. Then
Proposition 1(v) and Lemma 3 imply an exact sequence

(5) H®G" - Hy@G — H @G — 1.
A perfect pair of groups (N, G) gives rise to a short exact sequence ker(dy) —
N&G % N. The identity
"n®g)=(ngl®h) " (n®g)

which holds in N ® G (see Proposition 1) for all g,h € G,n € N implies that G
acts trivially on ker(dx). So (5) implies an exact sequence

MeG*"s(NoG) oG A NgG —1.

Note that the diagonal action of G on M ® G is trivial, and hence G acts triv-
ially on ker(0 ® 1). Thus a second application of (5) yields the exact sequence
ker(d ®1) @ G — Q*(N,G) — ®*(N,G) — 1. From this we derive the exact
sequence ®°*(M,G") — ®*(N,G) — ®°*(N,G) — 1. The proposition follows
from a repetition of this argument. O

Given a pair of groups (N, G) we denote by A(N,G) the subgroup of N ® G
generated by the elements n ® n for n € N. This is a normal subgroup and
following [5] we define the exterior product

NAG=N®G/AN,G).

The homomorphism dy: N®G — N clearly induces a homomorphism 9y : NAG —
N. The identity

lg.n]®[g",n] = [(g @n), (¢ @],

of Proposition 1(i) implies an isomorphism N A G 2 N ® G in the case of perfect
pairs.

Definition ([10]). The Schur multiplier of a pair of groups (N, Q) is the group
M(N,G) defined by

M(N,G) =ker(On: NANG — N).
If the pair is perfect, then, equivalently,
M(N,G) =ker(On: N® G — N).

Proposition 7 ([10]). Let G be a finite group with normal subgroup N < G.

(i) Then M(N,G) is a finite abelian group with exponent e dividing the order of
G.

(i1) Let €' denote the exponent of N. Then, in fact, ee’ divides the order of G
and e divides the order of N.

(i1i) Let K be any subgroup of G such that each g € G can be expressed (not
necessarily uniquely) as a product g = nk with n € N,k € K. Then e? divides
IN| x |K].
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(iv) Suppose that P is a p-Sylow subgroup of G. Let M(P N N, P), denote the
p-component of the multiplier, and v: M(PNN, P) — M(N,G) the homomorphism
induced by inclusion. Then

M(PNN,P)= M(N,G), & ker(r) .
Proposition 8. Let G be a d-generator p-group with normal subgroup N < G of
order |[N| = p”. Suppose that |N/(N N®(G))| = p* where ®(G) = [G,G]GP. Then

t(t+1)
2

INAG|<p™~

Proof. Proposition 2 implies that |N ® G| < p®5. There is a commutative diagram
of group homomorphisms

M) 2= N@G———— NAG—— 1
‘ GG
G A G c c e
1 I'(3) ERKI(E) ORKI(E) 1

in which the rows (but not the columns) are exact [5]. The abelian group I'(A),
defined for any additive abelian group A, is J.H.C. Whitehead’s universal quadratic
construction; it is generated (as an abelian group) by symbols y(a) for a € A subject
to the relations

Ya+b+c)+7(a) +7(b) +7(c) =v(a+b) +y(a+c) +7(b+c)
for a,b,c € A. The homomorphism A is defined on generators by A(vy(z)) =z ®x
for x € G/®(G). The image of I'(G/[N,G]) in G/®(G) ® G/P(G) is an elementary
abelian group of rank ¢(t 4+ 1)/2. Hence the exactness of the top row implies
N @G P
|A'(T(N/[N,G)))| — pttD/2”
This proves the proposition. O

INAG| =

Proposition 9. Let N be a normal subgroup of a group G. If N has exponent p°,
then

exp(N A Q) divides pler/ 2tk /24t ke /2]
where k; denotes the nilpotency class of the pair (Npi_l/Npi, G/Npi) forl1 <i<e.

Proof. Let K, M be normal subgroups of G with K < M. Using the identity
m ® k = (k ®m)~! which holds in M A G for all k € K,m € M, one readily
develops the short exact sequence

(6) KNG—-MANG—-M/KANG/K — 1
from Lemma 3. Now (6) yields the exact sequences

NP AG— NP 'AG— NP ' /NP AG/NP' — 1
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for ¢ > 1. Hence

exp(N AG) < [[exp(N?""/N?" A G/NP').
i=1

Proposition 5 implies exp(Npi_l/Npi A G/Npi) < plki/2, O

Tensor products are related to Baer invariants by the following slight generali-
sation of a result of A.-S.T.Lue [24] (cf. [6]).

Proposition 10 ([24]). For any group G with normal subgroup N < G, and for
c > 1, there is an exact sequence
c+1
QN G) = 721(G) = 751 (G/N) — 1.
It is convenient to set
Yer1 (N, G) = ker(7.41(G) — 721 (G/N)).
Note that v, (G) =7;,1(G, G). (The bar is intended to suggest that 7 ; (IV, G) is
a quotient of some functor v}, (N, G). For example, we can take 75 (N,G) = NAG

[6]. Proposition 9 and Proposition 11 could be subsumed under a single result
concerning 75, (N, G).)

Proposition 11. Suppose that N is a normal subgroup of a group G. If N has
exponent p®, then

exp(T241 (N, G)) divides plhi/2+1ks/21 -+ 1ke /2
where k; denotes the nilpotency class of the pair (N?'~ /N?', G/NP') for1 <i <e.

Proof. The proof is analogous to that of Proposition 9, but with (6) replaced by
the exact sequence

72+1(K, G) —>72+1(M, G) _’72+1(M/Ka G/K) — 1.

We leave the verification of the exactness of this (canonical) sequence to the reader.
O

The upper epicentral series of an arbitrary group G was introduced in [6]. This
is a family of characteristic subgroups 1 = Z§(G) < Z{(G) < Z3(G) < --- with
various useful properties such as those listed in the next proposition. Part (i) of
the following proposition can be taken as the definition of Z}(G).

Proposition 12 ([6]). Let ¢ > 1.

(i) Z*(G) is the smallest normal subgroup of G, contained in Z.(G), such that
the quotient G/Z}(G) is isomorphic to H/Z.H for some group H.

(it) Z%, 1(G) contains Z}(G).

(i1i) ZX(G) =1 if and only if there exists an isomorphism G = H/Z .H for some
group H.

(iv) Let N be a normal subgroup of G. Then N < Z*(QG) if and only if the quo-

tient homomorphism G — G /N induces an isomorphism v}, ,(G) = Yir1(G/N).

Let A be a d-generator abelian group with generators aq,--- ,aq. Let A; denote
the cyclic subgroup of A generated by a;. Let £(d) denote the set of basic commu-
tators on the d symbols a;. To each basic commutator A\ = [a;,, - ,a;,] of weight
k we associate the k-fold tensor product of abelian groups T(\) = A;; ® -+ ® 4, .
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Thus T is a cyclic group of order equal to the highest common factor of the orders
of the A;;. It is explained in [9] that the invariant v, ; (A) is isomorphic to a direct
sum of cyclic groups

Tem(A) = @ TM.
AEL(d)
The following proposition is an immediate corollary to this isomorphism. An alter-
native derivation of the proposition can be found in [28].

Proposition 13. Let A be a direct product of cyclic groups
A= (Cn1)d1 X (an)d2 XX (an)dk

with each n; divisible by n;11. Then

k
'YZJrl(A) o (Cnl)Xc+1(d1) % H(Cn'){XC+1(d1+m+dj)_xc+1(d1+...+d‘j_1)} ]
Jj=2

Proposition 14 ([9]). Let G = S1 x Sg x -+ x Si be a direct product of groups
whose abelianisations S have finite, and mutually coprime, orders. Then, for each
c > 1, there is an isomorphism

Ver1(G) = vey1 (S1) X -+ X741 (Sk) -

Proposition 15. Let N be a nontrivial normal subgroup of a p-group G. Let K
denote the kernel of the canonical surjection i, ,(G) — v} (G/N).

(i) K is nontrivial if and only if there exists some group H for which H/Z.H =
G.

(i) If p >3 and N C GP N Z3G, orif p=2 and N C szﬁZgG, then K 1is
contained in the Frattini subgroup of i, ,(G).

(iii) If N is a proper subgroup of a cyclic normal subgroup in G, and if N C Z2G,
then K is contained in the Frattini subgroup of v}, 1(G).

Proof. Proposition 12 implies (i).

Proposition 10 implies that K is generated by the image of tensors of the form
(- ((n®g1) ® g2) ® --- ® gc). The hypothesis of (ii) with Lemma 4 implies
that the canonical image in ®C+1(G, G) of each such tensor lies in the subgroup
®C+1(G, G)P generated by pth powers of tensors. The hypothesis of (iii) implies
that the image lies in the subgroup generated by pth powers of tensors together
with tensors of the form (-+- (¢ ® g') ® g2) ® - - ® gc). In both cases K lies in the
Frattini subgroup of the p-group v}, ,(G). O

4. PROOF OF THEOREM A

Let G,S;, P;, L be as in the statement of Theorem A. For each prime p; let
Q“t(L,G),, denote some p;-Sylow subgroup of @ (L, @), and set

A =log, |71 (S,

c+1

Ul =log,, |®([Si; Sil, Si)l s

c+1

0L = log,, | QL. Q)y,
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Propositions 10 and 14 imply exact sequences

c+1

®(L7G) = Yer1(G) — H'YZJrl(Sl) — 1

c+1
&[S:- 511, 8:) — 121 (S0) — 7242 (58%) — 1.

Hence
n A' X @,
et ¥4y
Ve (G)] < sz' :
i=1

To complete the proof we must find appropriate upper bounds A.(S#), W.(S;),
O.(G,L, P;) for AL, Wi O

Proposition 13 furnishes the appropriate formula for AC(SZ@I’). Proposition 2
provides the appropriate formula for ¥.(S;). Suppose that P; is a d;-generator
group, that P;/(P; N [G,G]) is a d;-generator group, that (L N B;)/(L N ®(F;))
has order p', that L N P; has order p@"' and that [L N P;, P;] has order pﬁr{. Set

M = M(L,G) = ker(L® G — L) and let M, denote the p;-primary component of
M. Since the pair (L, G) is perfect, Proposition 6 implies

c+1
|®LG|<|®MG“b x|®MG“b
XI(X)( LG < [ M| x |L],

and thus

c+1

|®LGp|<|® My, G*)] X|(® My, G*)| %
|®(Mpi,G“b)IXIMpiIXILﬂPi|~

Proposition 7(iv) implies that M,, C M(LN P;, P;). Since |LN P;| = pfi, Proposi-
tion 8 implies that

g, ti(t;+1)
IM(LNP,P)| % |[LNP, Pl <piP ™2

Setting w; = d;B; — (1/2)ti(t; + 1), we have
My, | < IM(LNP,P)| < pei”

and hence
c+1

QL. Gyl <

This yields the appropriate formula for ©.(G, L, F;).

5"156(‘:1) i—B)8: (wi—Bl) B
(w ) e ps —B) 5‘“ ﬂ)pf,

(2
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5. PROOF OoF THEOREM B

Let G, S;, P;, L be as in the statement of Theorem B. Let 77, (L, G),, denote a
pi-Sylow subgroup of the group 7, ; (L, ). The short exact sequence 7, (L, G) —
Yir1(G) = v%1(G/L) with Proposition 14 implies

eXP('YZ+1(G)) < Hexp(72+1(L7G)p,;) exp(’y;l(S’i)).

We apply Propositions 6 and 10 and the surjection @ (L, G) — Fer1(L,G) to
obtain

exp(7:41(G)) < HeXP G)® G™)y,) ! exp((L ® G)y,) exp(v241(S5)) -
Proposition 7(iv) yields

exp(7e41(G)) < H exp(M(LN P, Pi) ® G) 7t exp((L @ G)p,) exp(214(S)) -

The exact sequence
(mez)/\.Pz — (L®G)pL HLﬁpl/[LﬂP“Pl] —1
is readily derived, and yields

n
exp(vi, 1 (G H M(L NP, P)®G®)° ! exp((LNP)AP)

LNP .
Tnp.p) P05

The bound of Theorem B(i) now follows from Propositions 9 and 11. (We take
N = G = 5, in Proposition 11.)

To prove Theorem B(ii) it suffices to note that the condition [[Ppi_1 ,P],P] C pr'
is equivalent to saying that the pair (Ppi_l/Ppi, P/Ppi) has nilpotency class at
most 2.

x exp(

6. PROOF OF THEOREM C

Consider the dihedral group D,, = (a,b | a®> = b® = (ab)) with n = 2"m
where m > 1 is odd. The smallest term of the lower central series of D,, is
L = ~.(Dy) = Cy,. Proposition 7(ii) implies that the relative multiplier M(L,G)
is trivial. Proposition 6 therefore implies an isomorphism ®C+1(L, G)2 L®G for
all ¢ > 1. So Proposition 10 yields a commutative diagram

M(L,D,)=1—— M©)(D, (©)(Dgr) —— L/Ye41(L, Dy) =

L® Dy ——— Vo1 (Dn) —— 7o (D2r) ————— 1

| l l

1 Cm 'Yc-‘,—an —_— ’Yc—i—lDQT —1
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in which the rows are exact and the columns are short exact. From this, and the
isomorphism .1 D, =2 Cpy X Yer1Dor, we derive the isomorphism

Yer1(Dn) = Cr X 7o 1 (Dar) .

A description of v}, (Dyr) is given in [16]. Alternatively, the description can be
re-obtained as follows. The central extensions Co < Dar — Dyr—1 and repeated
applications of Proposition 15(i) imply that [y}, (Dar)| > 771 (Ca x Ca)| x 2771,
These central extensions together with repeated applications of Proposition 15(iii)
imply that +, ;(D2r) has the same number of generators as 7, ;(Co x C3), namely
one generator for each basic commutator on two generators a,b. Theorem B implies
that exp(y},,(D2r)) < 2". So, to obtain the isomorphism ~}, ,(Dar) = Cor @
(Ca)Xe+1(2)=1 it suffices to verify that at least all but one of the generators are
of order 2, and that the generators a,b act as stated in the theorem. (Note that
the invariant 4, (G) is abelian precisely when 7.41(G) acts trivially on it.) This
verification, which we leave to the reader, yields the desired description of v, ; (Dar)
and completes the proof of part (i) of the theorem.

To prove part (ii) we note that the quaternion group @, is not of the form
H/Z(H) for any group H with centre Z(H) [3]. Proposition 12(ii)(iii) thus implies
that the cth term Z*(Qy) of the upper epicentral series of @, contains the centre
Z(Qn) = Cy. Since Qn/Z(Qn) = Dy, the isomorphism v}, ,(Qn) = v} 1(Dn)
follows from Proposition 12(iv).

To prove part (iii) we note that an extraspecial group E(p, k), k > 2, is not of the
form H/Z(H) for any group H with centre Z(H) [3]. Arguing as in the previous
paragraph, we see that 7, (E(p, k) = 12, (B(p, )/ Z(E(p, k) = 721(Cp x Cy).
Proposition 13 completes the proof of part (iii). This argument also holds for
E(p,1)~,p>3.

To obtain our partial description of 4}, (E(p, 1)), p > 3, we first remark that
Z{(G) is trivial for the group G = E(p,1)" [3]. Letting Z = Z(G) denote the
centre of this group, Proposition 10 and Proposition 1(v) yield an exact sequence
®RNZ,6G)=Z22G @ @GP — 75, (G) 2 72,1 (Cp x C,) — 1. The group
®C+1(Z, G) is elementary abelian of rank 2¢, and Proposition 12(iv) implies that ¢
has non-trivial kernel. Theorem B implies that exp(v},;(G)) = p. The commutator
subgroup [G,G] = Z acts trivially on v}, (G), and so v}, (G) is abelian. Hence
Yi11(G) is elementary abelian of rank at most x.11(2)+2¢, and at least x.41(2)+1.
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